We consider the nonstationary waves on the surface of an incompressible perfect fluid of finite depth above the almost horizontal bottom in the case of two dimensional irrotational motion.
We assume that the density of mass is equal to one, the gravitational field to (0, -1) and at the time f^O the fluid occupies the domain
0(t)^{(y l9 y 2 )\y l eR l 9 -h + b(y l )^y 2^f i(t 9 y,)}
where h is a positive constant. We denote by F b the bottom y 2 = -/i + Kj'i) and by F s the free surface y 2 = rf(t, J'i)-The motion of the fluid occupying at t = 0 the given domain Q is described by the velocity v = (v l9 v 2 ) 9 the pressure p of the fluid and rj satisfying the equations For the investigation of the solvability of this problem, it is convenient to use the Lagrangian coordinates. Let be the parameter-representation of the free surface y 2 = n(t, Ji) such that -XO, x)=v(t, X + X&, x), X 2 (t, *)).
We see that on the free surface X tt =v t + (v-7)v = -(0, 1) -7 p. On the other hand, differentiating p(t, x + X^t, x), X 2 (t, xj) = p 0 with respect to x, we have (l+Z lJC ,X 2x ).Fp = 0. Hence we have (l+X lx )X ltt + X 2x (l+X 2tt ) = Q. It follows from (1.2) and (1.4) that under the appropriate assumptions on v and Q(f), v 2 1 r s is uniquely determined by t^ | Fs . Therefore we conclude that there exists the operator K = K(X, fe, h) such that X 2t = KX lt . In Section 3 we shall give the operator K the explicit form which enables us to investigate how the operator K depends on X, b and h. In Section 4 the properties of the operator K will be shown. Thus the problem is reduced to the initial value problem (1.6) (1.7) X=U, X lt =V 9 t = 0.
In this paper we shall show that this problem is uniquely solvable in a Sobolev space when 17, F, T and b are small. The proof is based on the quasilinearization of (1.6) and the successive approximation for the obtained quasilinear system. Our proof follows that of Nalimov [1] 
' Y 2t =f 2 In applying the successive approximation to the problem (1.8), (1.9) , the following initial value problem is fundamental.
(1.10) (1.11) u = u 0 , u t = u l9 t = Q.
In Section 6 we shall deal with the initial value problems for these linear and nonlinear equations.
In the case of the infinite depth, i.e., /i = oo, V. I. Nalimov [1] showed the unique solvability of (1.6), (1.7) in a Sobolev space. The unique solvability of the problem on the irrotational motion of the incompressible perfect fluid with the free surface has been proved in the class of functions analytic with respect to space variables; in the case of the finite depth in two dimensions, see [2] , [3] , where the shallow water theory is treated; in three dimensions, see [4] , [5] .
We turn the reader's attention to that we do not distinguish the inessential positive constants occurring in proofs and use the same symbol C.
Finally I wish to thank T. Nishida who communicated the problem to me and T. Kano for the fruitful discussion with him. § 2o Operators In Sobolev Spaces
In this section we give the results of the functional analysis which will be required in later sections. In solving the problems stated in Section 1, we use only the spaces of real-valued functions of one variable, but here we deal with complex-valued functions of several variables except the last article.
2.1.
Notations and Definitions,, Let /c^O be an integer, 0<T<oo and B be a Banach space. We say that u e C O^r < 1), we denote the set of all u e C*(Q) with
where a = (a l5 ..., a n ), a^O is an integer, |a|=oc 1 + ---+a n5 Dj = (lli)dldx p D Lp(Rn) \\g\\ Lq(Rn) holds where C = C(p, q, n)>0.
For proofs of Lemmas 2.1 and 2.2 we refer to [7] Section 2.
Take (peCo(R n ) such that cp = l in a neighbourhood of x = 0, cp(x)g:0 and Since m ^ 2, we can choose q such that 1/2 < q ^ m -1 . Therefore From this we obtain the required estimates. 9 -oo<x< + oo .
Let v l9 v 2 be defined in Q and satisfy the equations {l-e -2*|0|-isgnfl(l + e-2 *l 
. Estimates for Integral Operators
We shall show that, roughly speaking, K 1 and \_d^d{, K] are operators of order -1. To this end, first of all, we consider the integral operator of the form 
Proof. For a function /(x), we put 
where J, n, p and q move in the set such that (4.12) and Remark 4.17. The above two lemmas hold also for m + r, m^2, 0<r<l. If we define the translation operator ssuming that X depends also on r, we define (by X,... 9 By the results of the preceding two articles we have 
.22 we see that M e L(m, m; 3). § 5. Reduction to the Quasilinear System
We shall reduce the system (1.6) to the quasilinear system such that the unique solvability of the initial value problem for this system assures one for that system and the successive approximation is available for this system. For the usual procedure for the reduction to the quasilinear system, see [9] , Chapter I, Section 7.2, Chapter V, Section 1.7 and [10]. By the elimination of Z 2f from this and (5.5), we have 
Properties of a(W) and f(W, W' t ).
In solving the initial value problem for the system (5.16) we need only the properties of a and / which will be shown in this article. The explicit form (5.17) of a and / will play an important role in dealing with the original problem (1.6) and (1.7). Hence Lemma 4.27 shows that 1) and 2) are valid for/ 2 . As to In Section 6 it will be shown that the initial value problem for the system (5.16) is uniquely solvable if the initial values are small. Hence in solving the problem (1.6) and (1.7) we need the following lemma. Proof. Using Remark 2.10, Lemma 4.27 and the definition of F jQ we obtain the lemma by the same consideration as in the proof of Lemma 5.22. § 6. Unique Existence Theorems
) that\\a(W(t))-a(W(t 0 ))\\ s^C \\W(t) -W(t 0~) \\ s9 which proves that a -1 6 C°([0, T], H s ). Note that a t (W(t)) = Ei da(W(t))ldWj -dWj(t)/dt.
In this section we shall show the unique solvability of the initial value problems for the quasilinear system (5.16) and the original (1.6). Throughout this section we assume that every function is real-valued.
Preliminaries. We use the notations :
In view of the identity
we introduce the operators we have the second inequality of 6). We obtain the inequalities for G= For Ogsgl/2, from Lemma 2.14 it follows that |a|) ||u|| + C||a' and in the same way These combined with the assumption on A(f) show that u j is defined and converges to u, which is the required solution. The uniqueness of u is easily proved. The proof is complete.
\\{a(W)-a(WO)}u\\ s^C \\a(W)-a(W°)\\
Next consider the initial value problem : Moreover u satisfies the estimate (6.10) where C = 2~1d(C 4 e^l + C 5 ) and
Proof. The proof is divided into three steps.
Step We shall consider the initial value problem for the quasilinear system (see (5.16)):
To simplify the notations we write the initial condition at £ = 0 in the form 
Proof. The proof is decomposed into several steps.
Step 1 : Take Step 2: Put r=min { 1 log -f , 1 log A., By the definition of T we have for 05^ T
\\W(t)\\ j9 \\W
Since W° e S, we have
Consequently We S, which means that M is the mapping from S to itself.
Step 3 We see that W° satisfies (6.27) and (6.28), i.e., W° e S. 
here C > 0 is independent of ( and j. Since any bounded sequence in a Hilbert space is weakly precompact, each sequence occurring in (6.33) has a weaklimit. By the result of the step 3, they have the strong-limits if m is replaced by m -1 . Hence for any fixed t, w(t\ w t (t), Y 2t (t), iDi'/'r.C), *"«, zxoeH-, y 1I( (Oe 
